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Abstract 



Some positive results about the composition of Toeplitz operators on the Segal- 
Bargmann space are presented. A Wick symbol satisfying that it is not possible to 
construct its associated Toeplitz operator is given. 
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1 Introduction 



Toeplitz operators have been object of study in different disciplines. In physics, 
these operators (also called anti Wick operators) were introduced by Berezin 
as a quantization rule in quantum mechanics (see [2], [3J, [1]). In partial dif- 
ferential equations , Toeplitz operators and their adjoints, play an important 
role in extending known results in the space of entire functions to the context 
of Segal Bargmann spaces([7], [6]), [15], [16] among others). Also, they have 
been extensively studied as an important mathematical tool in signal analysis 



One of the problems still open is to know how to define the class of the symbols 
where the composition of Toeplitz operators is closed. In section 4, we give a 
positive result for radial symbols. 

Many authors have studied this problem. In [TJ, [9], [10] and [T7] , the com- 
position of Toeplitz operators was shown to be written as a Toeplitz operator 
plus a controllable remainder term, and in [8] some exact results we can be 
found. 



2 An overview of Toeplitz operators. 

Let L 2 (C n , dfj) be the Hilbert space of square integrable functions on C™, with 
the Gaussian measure dfx(z) = 7i~ n e~^ dv(z) where dv(z) is the Lebesgue 
measure on C™. 

In this work we deal with the Segal- Bargmann space F 2 (C n ), the subspace of 
L 2 (C n ,dfi) of all the analytic functions in C n . This space is a particular case 
of a Fock space. 

For more details and the motivation of this section, see the Appendix. 

Let P : L 2 (C n ,d[i) — > F 2 (C n ) be the orthogonal projection operator on the 
direction of the coherent state K w (z) = e z ' w 



where (. , .) is the usual inner product in L 2 (C n , dfi). 

Now, for a complex function ip(z,z), we define the operator on F 2 (C™)given 



(i, nm, D2i)- 




(i) 



by 
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T v f(z):= J v(w,w)e zw f(w)dfx(w) 

= PW\{z). (2) 

Then, the domain of this operator is 

Dom(T v ) = {/ such that <pf G L 2 (C n , dfi)}, 
and T v : Dom{T v ) -> F 2 (C n ) 
Definition 1 

If for all z G C n , K z G Dom(T v ) we say that T v is a Toeplitz operator (oi 
anti Wick operator j with anti Wick symbol cr W (TL) = ip. 

Remark 2 

If \(p(z)\ < Ce 5r for 5 < 1/2, then T v is a Toeplitz operator (for details see 

Related with the definition of an operator A by means of its anti Wick symbol, 
we can give an other representation of it by means of the Wick symbol: a w (A), 
given by 



Af(z)= I e^f(v)a w (A)(v,z)dv(v) (3) 
where 



a (A){v,z) = (4) 
{K v , K z ) 

Remark 3 

For all f G F 2 (C n ), we have that 

f(v) = (f,K v ). 

Is in this sense that the coherent states are reproducing kernels of F 2 (C n ). 
And then we can write 

a w (A)(v z) - i^l^A - AK ^ 
° {A) ^ Z) ~ (K V ,K Z ) ~ K v (z) ■ 



Now, taking into account that the norm of an operator can be bounded by its 
anti Wick and Wick symbols: 

lk w (^)|U< \\a\\ < ik^^iu, 
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we have that 

\AKJz) 



KJz) 



< \\A\\. (5) 



This relation between coherent states and Wick symbols will be needed in the 
proof of the main result. 

The correspondence between Wick or anti Wick symbols and operators can be 
interpreted like a quantization process. Is in this context that it is necessary to 
have a bilinear operation * between the symbols, such that if r = <p * ip then 
T T = TpT^p. This bilinear operation is completely defined for Wick symbols 
obtaining a closed symbolic calculus. But the problem for anti Wick symbols 
-as we have said in the Introduction- is still open. 



3 Some known results about composition of Toeplitz Operators. 



Among all the known positive results in the composition of Toeplitz operators 
on F 2 (C n ), we have the following : If (p and ip are anti Wick symbols in one 
of these classes 

• Analytic functions ([5]) or 

• Functions in the smooth Bochner algebra B a (C n ) ([5]) or 

• Polynomial functions ([5]) 

then T V T^ = T T = T^, where 

W = E^r(<9V)(dV). (6) 

k 



But unfortunately it is not possible to have this product in other cases. In [8] 
we can find an example that shows the limitation on the ability to compose 
Toeplitz operators taking the one dimensional Segal-Bargmann space F 2 (C) 
and cp = e 2A '^ with A = ^-jlp. Although T V T V exists and, moreover, is a 
bounded operator, there is not a symbol r such that T^T V = T T on F 2 (C). 

In the next section, we will give a rather general result encompassing this ex- 
ample, and a positive result about the composition of Toeplitz operators with 
radial symbols in F 2 (C). 



The theory about Toeplitz operators becomes interesting when the symbols 
are radials, because these operators are unitary equivalent to multiplication 
operators. More accurately, given a radial symbol a(\z\) = a(r), the Toeplitz 
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operator T a is unitary equivalent to the multiplication operator 7 a J acting on 
l\ where 

To (n) = -W a(^)r n e- r dr = —l a(r) r 2n+1 e~ r2 dr, (7) 
n! Jr+ n! Jm+ 



i.e, there exist unitary operators R : L 2 (C,<i/i) — > and i2* : 1% — > F 2 (C) 
such that 

RT a R*{c n } = {j a (n).c n } (8) 
for all sequence {c n } G l£, where 

toP=\-T=i lMz)z n dli{z)\ (9) 



n! -/c 



and 

R*{c n } = £ 

Note that =1:1+^1+ and = P : L 2 (C, d/i) -> F 2 (C), where P is 
the projection defined in ([!]). 

Remark 4 

In order to guarantee the convergence of the integral |?|] it is considered, for 
example, a(r) belonging to L™(M + ,e~ r ). This space consists of all measurable 
functions a(r) on M + such that 

/ \a(r) I e~ r2 r n dr < 00 for all n E Z + . 
Jw+ 



Now, given a sequence 7 = {7(71)} G there exists a symbol a(r) G e~ 
such that the operator T a is unitarily equivalent to the multiplication operator 
by the sequence 7, i.e 7(71) = 7 a (n). 

Remark 5 

For a{r) G LJ°(lR + ,e _r ) we /iave that 

• T a is a bounded operator if and only if {~y a (n)} is a bounded sequence. 

• IfT a is bounded, then its spectrum is given by 



sp(T a ) = {7 a (n),n G Z+}. 
The details of these results for radial symbols can be founded in |13j . 
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4 Main result. 



Let us define LJf (R + ,e r ), the linear space of all measurable functions /(r) 
on M + such that 

q f (n) := f \f(r)\ 2 e- r \ n+1 dr < oo 
for all n G Z + . For this functions we define 

n=0 n - 

Theorem 6 

Let T v and be two Toeplitz operators with radial symbols (p(r), ip(r) G 
L^(M + ,e- r2 )) such that 

(1) T^p is a bounded Toeplitz operator, 

(2) {7 v (n).7^(n)} G Zoo, 

v 9 belongs to L^°(R + , e~ r ) and A^ix) converges for all x G M+, 

iZien iZiere exzsis r G LJ°(M + , e~ r2 ) stzcZj that T T = T^T^ is a Toeplitz operator. 



Proof : As we have mentioned in the previous section, if {y v (n). J^(n)} G Z^ 
there exists r G L^°{R + ,e~ r ) such that {7 T (n)} = {y<p(n). y^{n)}. 

Now, we have that: 

(1) T T = T^T^p in the domain of T V T^ 

(2) T T = T^T^ is indeed a Toeplitz operator. 

(1) Let us take f(z) G Dom{T v T^) C F 2 (C). Then 

f(z) = X; a n z n = i?*{c n }, 

n=0 

where {c n } = {a„v^} G Z^ and i2* is the operator given by (J9j). 

From the definition of Toeplitz operator through the projection P = R*R 

given in (j2J) and by (|S]) we have that 
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T^f = T^P(ijf) 

= T^R*(RijR*){c n } 

= T !fi R*{^(n).c n } 

= R*R V R*{ li) (n).c n } 

= R*{l ip {n).^(n)c n } =: R* {^ T {n).c n } 

= R*(RT T R*){c n } \= T T f 

(2) By the definition of Toeplitz operators, we must see that all the coherent 
states belong to the domain of T T , i.e K a (z) = e za G Dom(T T ). 

Obviously K a (z) G Dom(T^) since is a Toeplitz operator. Now, it remains 
to prove that ipT^K a (z) G L 2 (C, <i/i). By the estimate ([SD, 



\^{z)T^K a {z)\ 2 e-\ z \ 2 dv{z)< J c \<p(z)\ 2 \\T4 2 \K a (z)\ 2 e-W dv(z) 

Jc ^ n\ 

Using polar coordinates, we have that 



00 l9nl n r 00 \ r >n\ n r 



n=0 '"■ n=0 

00 



2ar 

= 2vr||T v ,|| 2 ^ — — q v (n) 

n=0 U - 

= 27r||T v ,|| 2 ^(2|a|) < cx), 

since ||T^,|| 2 is bounded and Ap(2|a|) exists for all a G C. 

Then K a G DomiT^T^) C Dom(T T ), and therefore T r is indeed a Toeplitz 
operator. 

□ 

Remark 7 

Smooth Bochner Algebra. For radial symbols (p and ip in the Bochner 
algebra B a (C), we know that T^T^ = with ipoip given by (G|) and 
is a Toeplitz operator. On the other hand, it is possible to apply the Theorem 
G| and it can be proved that the symbol r so obtained satisfies t = ip oip. We 
give the proof of these facts in Section 5. 

Remark 8 

As we have mentioned in Section I, there exist results about the composition of 
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Toeplitz operators for analytic symbols and polynomial symbols. The first case 
is not contemplated by this theorem, because radial symbols cannot be analytic 
(except for the constants where the theorem is trivial). 

For polynomial radial symbols the situation is quite different: When we calcu- 
late its sequence {7(^)} we have that it is unbounded, then we cannot apply 
the Theorem® Nevertheless the composition can be made using formula (0|). 

4-1 About the composition obstruction. 

Theorem 9 

Let A be a bounded operator with domain in the Fock space F 2 (C), such that 
its Wick symbol is a w (A) = e -61 ' 2 ' , with 9 E C. Then 

(1) If \9\ 2 = 2Re(6) and Re(6) > 1, there is no bounded Toeplitz operator T T 
such that A = T T . 

(2) If \9\ 2 > 2Re{9), there is no bounded Toeplitz operator T T with r E 
L™(R + , e~ r2 ) such that A = T T . 

Proof : 

(1) Let us take the operator A such that a w (A) = e~ e ^ 2 . Then by ([3]) 

Af{z) = J e^f{v)a w {A){z,l)dv{0 
= J e {z -^e- e ^ 2 f(v)dv(0- 

If we define e n (z) := ^= , {e n (z), n E N} is a basis of F 2 (C) and 

Ae n (z) = (l-9r +1 e n (z). 

On the other hand, if we consider the operator M. a f(z) = af(az), we note 
that 

Ae n (z) = (1 - 6) n+1 e n (z) = M a e n (z) 

where a =1 — 9. Then the operators A and Ai a agree in the basis and conse- 
quently in all the Fock space. 



By the hypothesis on 9, we have that \a\ = |1 — 9\ = J 1 — 2Re{9) + \9\ 2 = 1 
and Re(a) = 1 — Re{9) < 0. By the results in [8], there is no bounded Toeplitz 
operator T T such that A = T T in all the Fock space. 
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(2) Suppose that there exists r 6 L^°(K + ,e r ) such that T T is a bounded 
Toeplitz operator and T T = A. 

The Wick symbol of T T can be calculated by 

oo I 1 2n 

a w (T T ) = e-l^l 2 £ ^T7.H (10) 



n=0 n! 



where 7 T (n) is defined by ([7]) (see [13] for more details). 
On the other hand 



oo |~|2n 
|2 x — > -3 



e -«M J = e -W* £ m_(! _ 0)» (ii) 
Then, taking into account that 



n=0 n! 
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we have that 

| 7r (n)| = |(1 - 6) n \ = (1 - 2ife(0) + |^| 2 )t > (1 + e)f . 

Then 7 r (n) is an unbounded sequence. This contradicts that the operator can 
be bounded as it was stated in Remark [5j 



□ 



Remark 10 

This theorem includes the example mentioned in Section 3 given in J2J/; 

1 f o/Wm. „ „ , /3 4\-( n+1 > 



and then {7 V (^)} 6 (\jtp(n)\ = !)■ The Wick symbol ofT^T^ can be calcu- 
lated by ^H), 



oo I _|2n 
|2 v--\ \Z\ 



n=0 ™ ! 



with C = (§-{<) 2 and K = (§ + ffz) . T/ien |K| 2 = 2i2e( J ftT) = § and 6?/ 
(1) in Theorem^ there is not a bounded Toeplitz operator with this symbol, 
and as T^T^ is a bounded operator, it cannot be a Toeplitz operator on F 2 (C). 
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5 Smooth Bochner Algebra. 



Consider ^(|z|) = fir), ip(\z\) = VK r ) radial functions in the Bochner alge- 
bra B a (C). The functions in B a (C) are bounded, uniformly continuous, with 
bounded derivatives of all orders. Therefore, by the hypothesis on (p and if) we 
can apply the Theorem [6] and then, there exists r such that T T = T^T^, is a 
Toeplitz operator in the Fock space. 

As we have mentioned in Section 3, we know that T^T^ = with (p oif) 
given by (jSJ) and is a Toeplitz operator. 

Then we have on F 2 (C) that T T = T^. The question is if r = tp o if) since for 
Toeplitz operators, is not always true that if T v = then 77 = 0. 

However, we can prove that if the anti Wick symbol 77 of TL belongs to 

2 2 

-E e (IR + ,e~ r ) (a subclass of L^°(IR + ,e~ r )), then the operator T v = if and 
only if 77 = almost everywhere (for details see [13J). 



The space E e (R + ,e r ) is the subclass of Lf(R + ,e r ) that consists of all 
functions rj(r) satisfying at +00 the following estimate: fixed e > 0, 



n2_ 



\v(r)\e- r +£r < C. 
Proposition 11 

Given (p and if) two radial functions in the Bochner algebra B a (C). Then 

(1) <p and if) satisfies the hypothesis of Theorem and 

(2) the function given by Theorem^ satisfies r — tpoifi. 

Proof : We must prove that there exists e > such that r — <p o if) e 
E £ (R + ,e- r ' 2 ). 

r E E £ (R + ,e~ r ' 2 ) : 



e- r '- €r dr<{ I \T(r)\ 2 re- r2 dr^'~ 



00 e-^e 2 



1 r 



< I I \T(r)\ 2 re- r dr) 



oo 







-dr 


)'" 




1/2 


dr J 





It can be easily seen that the second integral in the product converges for all 
e. 
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Also, note that 1 e F 2 (C) and T T is bounded, then 1 e Dom(T T ), i.e., 
/ |r.l| 2 e- |2|2 ^(^) = (2tt) f° |r(r)|V e - r2 rfr < oo. 

JC JO 

Then the first integral converge. 



Therefore f£° \r(r)\e r ^ +£r dr converge and then |r(r)|e r2+er is bounded in 
+00. 

Taking into account that ip o ip is bounded, then r)(r) := r(r) — ip o ^(r) G 
£ £ (M+,e- r2 ). 

□ 



6 Appendix. 



A Fock space F is a Hilbert space in which there exist two operators a 
and a* called annihilation and creation operators, satisfying the canonical 
commutation rules, i.e [a, a*] = I, where / is the identity operator. There 
exists also a vector $0 (called vacuum vector) annihilated by the annihilations 
operators, such that the system 



((2*) a $ ) 



'Oil 



is complete and orthonormal in F. 



Classical examples of Fock spaces are: 



• L 2 (R™): The Hilbert space of square integrable functions on R n , with the 
Lebesgue measure on R n . 

• F 2 (C n ,dfi): the subspace of L 2 (C n ,dfi) of all the analytic functions in C n . 
Here d/j,(z) = 7i~ n e~^ dv(z) is the Gaussian measure, where dv(z) is the 
Lebesgue measure on C" '. 

In the next table, we show the annihilation and creation operators, the vacuum 
vector and the basis of each space. 
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L 2 (R n ) 


F 2 (C n ,dfx) 


Creation operator a* 
Annihilation operator a 
Vacuum vector 
Basis 


q-ip 

V2 
q+ip 

V2 

$ ( x ) = Tr-^e-^ 2 / 2 
Hermite functions 


a*f( z ) = z.f(z) 
%(z) = 1 



There is a unitary isomorphism that apply a basis of L 2 (M) onto a basis of 
F 2 (C n , dfi). This map is called the Bargmann transform and is given by 

Lip(z) = (nh)"^ J e~^ s2 - 2V * s -* + * 2) ip(s)ds. 

This transform allows us to interpret an operator in F 2 (C n , d/i) as a pseudod- 
ifferential operator in L 2 (IR n ). 

The coherent states (or Poisson vectors) are the functions K v (z) = e zv G 
F 2 (C n , d/j), indeed they are the eigenfunctions of the operator a = asso- 
ciated to the eigenvalue v. By the Bargmann transform, we can obtain that 
f(v) = (f,K v ) for all / G F 2 (C n ,dfj,). In this sense, K v is a reproductive 
Kernel and consequently F 2 (C n ,dfi) is a Reproducing Kernel Hilbert Space 
(RKHS). 

The Wick and anti Wick operators appear naturally in the context of quantiza- 
tion procedures, the correspondence between operators and symbols is related 
with the association between a quantum and a classical observable. There are 
different ways to do it consistent with the probabilistic interpretation by mean 
of pseudodifferential operators. 

In F 2 (C n ,d[i), taking into account that the composition of the annihilation 
and construction operator is not commutative, we consider the operator theory 
associated to the product order da* (Wick), or a*a (Anti Wick). 

In L 2 (R n ) the Weyl calculus gives the suitable frame in quantization proce- 
dures. 



All these symbols are related by the kernel of the heat H t in the follow- 
ing way, where {H t } t>0 on M. 2n is defined by H t f = f * jt with jt(%, = 
(U)- n e~ {x2+ ^ 2)lit : 

a w (A) = H l/2 (a AW (A)) ,a w (A) = H l/2 (a w (A)) ,a w (A) = H\(a AW (A)). 

(12) 

(See for instance [1] or [TT].) 

The Weyl and Wick symbols of a given pseudodifferential operator are always 
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defined. By ( !T2|) we can see that not all these operators have an anti Wick 
symbol, since in order to find an anti Wick symbol one has to solve -for 
example- the inverse heat equation with initial condition given by Weyl symbol 
for the time t = 1/2. 

Nevertheless, the symbol anti Wick have two advantages that the other sym- 
bols do not verify at the same time: 

(1) Positivity: If tp > then T^f > for all / in the domain of T v . 

(2) Selfadjointness: If (p is a function to real values then T v is selfadjoint. 
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